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Abstract

This paper deals with the motion interpolation of an object
that satisfies the kinematic constraints imposed by planar 6R
closed chains. The paper brings together the well-known
kinematics of planar 6R closed chains and the freeform ratio-
nal motions to synthesize the constrained piecewise rational
motions in the Cartesian space. The methodology adopted in
this paper is based on transforming the kinematic constraints
of planar 6R closed chains into geometric constraints and
the problem of designingC2 continuous rational motions is
treated as designing smooth splines in the space of planar
displacement matrix parameters. In contrast to another ap-
proach of designing smooth splines in the space of planar
quaternions, this approach has the advantage of being direct
and yields lower degree motions. The results have applica-
tion in task specification in mechanism synthesis and Carte-
sian motion planning in robotics.

Keywords: Rational Motions, Constrained Motion Interpo-
lation, Planar Kinematic closed chains

1 Introduction

This paper studies the problem of synthesizing smooth
piecewise rational interpolating motion of planar 6R closed
chains under kinematic constraints. Given a set of displace-
ments of the coupler of a planar 6R closed chain, the ob-
jective is to synthesize aC2 continuous piecewise rational
motion that interpolates the given displacements and satis-
fies the kinematic constraints of a planar 6R closed chain.
Kinematic constraints under consideration are rigid body
constraints and workspace related constraints that limit the
position of the links of planar closed chains in the Cartesian
space. The rationale behind the choice of rational motions
stems from the fact that the trajectories of an object undergo-
ing rational motions are rational curves and surfaces, thereby
making them suitable for existing Non-uniform Rational B-
spline (NURBS) based CAD/CAM system.

The work reported in this paper rests on the well-known
idea of application of geometry based CAGD algorithms
(Farin [1], and Piegl and Tiller [2]) in the image space of
displacements (Ravani and Roth [3]) for giving rise to free-
form rational motions. For details on rational motion, see
Ge and Ravani [4, 5], Jüttler and Wagner [6], Wagner [7],

Röschel [8], and Purwar and Ge [9]. However, this study
differs from the aforementioned work in that our focus is
on the rational motions underkinematic constraints and we
synthesize such motions directly using the elements of the
homogeneous form of displacement matrix. Although the
work by Horsch and Jüttler [10] and Wagner and Ravani [11]
on direct application of rational motions to Cartesian motion
planning of robots seems related, they have not dealt with
rational motions under kinematic constraints. Very recently,
for the first time, Jin and Ge [12, 13] studied the problem
of motion interpolation under kinematic constraints for pla-
nar 2R, 3R open chains, as well as 6R closed chains, while
Purwar et al. [14, 15] studied the same problem for spher-
ical 2R, 3R robot arms and 6R closed chains. Their ap-
proach involved using quaternions to represent planar and
spherical displacements (see Bottema and Roth [16] and Mc-
Carthy [17] for quaternion representation of displacements).
The kinematic constraints are transformed into geometric
constraints and the problem of synthesizing smooth piece-
wise rational motions is converted into that of designing
smooth piecewise rational curves in the space of quaternions
under the geometric constraints. Pursuant to that work, Jin
and Ge [18] investigated directly employing the elements of
the matrix of a planar displacement for motion interpolation
of both revolute and prismatic jointed open planar chains.
This paper extends that work to planar 6R closed chains
and shows that the problem of motion interpolation under
the kinematic constraints of a planar 6R closed chain can
be effectively solved using an iterative algorithm. It is also
shown that the same algorithm can be used for motion inter-
polation of planar 4R and 5R closed chains under kinematic
constraints.

Advantages of directly using the elements of displacement
matrix (as opposed to quaternions) for motion interpolation
are that the interpolation process is straightforward and the
resulting motion is of lower degree; e.g., cubic interpolation
of planar quaternions produces a motion of degree six, while
that of the elements of displacement matrices produces a mo-
tion of degree three only. We note that the degree mentioned
here pertains to the motion interpolation parameter, usually
associated with time.

In this paper, the kinematic constraints of the closed chain
are formulated in terms of the elements of the matrix, thus
giving rise to the constraint manifold in the parameter space
of the matrix elements. In the space of the matrix elements,
this manifold is given by algebraic equations and can be seen
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as describing geometric constraints. Given a series of cou-
pler’s positions in Cartesian space, the problem of synthesiz-
ing the smooth interpolating rational motion of a planar 6R
closed chain is reduced to that of designing aC2 continuous
rational spline constrained to lie on the constraint manifold.
To solve this problem, first a free-formC2 continuous B-
spline curve interpolating through the given positions is de-
signed in the parameter space. An iterative algorithm detects
the violation of the kinematic constraints by searching for
those extreme points of the curve that do not satisfy the ge-
ometric constraints. Such extreme points are replaced with
new points that satisfy the constraints and the resulting new
points are added to the ordered set of the initial positions to
be interpolated. An example is given to show how this al-
gorithm produces smooth planar rational spline motions that
satisfy the kinematic constraints of a planar 6R closed chain.

The organization of the paper is as follows” Section 2
presents the algebraic form of kinematic constraints in terms
of the elements of the displacement matrix of planar closed
4R, 5R, and 6R kinematic chains. Section 3 deals with the
problem of constrained motion interpolation in a paramet-
ric space defined by the elements of the displacement matrix
and presents an algorithm for the problem of rational mo-
tion planning for planar 6R closed chains. An example is
presented to illustrate the working of the algorithm. Sec-
tion 5 discusses how the motion interpolation problem can
be solved for 4R and 5R closed chains using the same algo-
rithm.

2 Kinematics of Planar Closed Kine-
matic Chains

This section derives the algebraic relations that characterize
the kinematic constraints of various closed planar chains in
terms of the displacement matrix elements. However, we
first present a planar quaternion based formulation of the
kinematics of planar closed chains and then derive the matrix
element formulation of constraints. The goal is to present a
representation of rational motions that can easily handle the
kinematic constraints of the planar chains.

2.1 Planar quaternions

For a planar displacement shown in Figure 1, letd1,d2 de-
note the coordinates of the origin of the moving frameM in
the fixed frameF andα denote the rotation angle ofM rel-
ative toF. Then the planar displacement can be presented
by a planar quaternion,Y = Y1εi +Y2εj +Y3k +Y4, where
(i, j,k,1) form the quaternion basis andε is the dual unit with
the propertyε2 = 0. The components of the planar quater-
nion,Y = (Y1,Y2,Y3,Y4), are given by McCarthy [17]:

Y1 =
d1

2
cos

α
2

+
d2

2
sin

α
2

, Y2 = −
d1

2
sin

α
2

+
d2

2
cos

α
2

,

Y3 = sin
α
2

, Y4 = cos
α
2

.

(1)

Figure 1: A planar displacement.

In view of (1), we have

Y 2
3 +Y2

4 = 1. (2)

The components of a planar quaternion are related to the
homogeneous transform of a planar displacement by:

[M] =





m1 −m2 m3

m2 m1 m4

0 0 1



 , (3)

where

m1 = (Y 2
4 −Y2

3 )/(Y 2
3 +Y 2

4 ), m2 = 2Y3Y4/(Y 2
3 +Y 2

4 ),
m3 = 2(Y1Y4−Y2Y3)/(Y 2

3 +Y2
4 ), m4 = 2(Y1Y3 +Y2Y4)/(Y 2

3 +Y2
4 ).

(4)
It follows that

m2
1 + m2

2 = 1. (5)

This circular constraint (5) ensures that the homogeneous
transform[M] represents a rigid-body transformation. This
constraint is an inherent property of the planar rigid body
displacement matrices.

If m = (m1,m2,m3,m4) are rational functions of degreen
in parameteru (u being usually associated with time), such
that the circular condition (5) is satisfied, then the matrix[M]
represents a rational motion of degreen. On the other hand,
from Eq. (4) it is clear that choosing planar quaternionY =
(Y1,Y2,Y3,Y4) to construct a rational motion would produce
a rational motion of degree 2n. In this paper, we usem =
(m1,m2,m3,m4) directly to construct a rational motion.

Let mi = (mi1,mi2,mi3,mi4); i = 0, ...,n be (n + 1) vec-
tors of displacement matrix parameters, then the following
represents a B-Spline curve in the parameter space:

m(u) =
n

∑
i=0

Ni,p(u)mi. (6)

whereNi,p(u) arepth-degree basis functions. A representa-
tion for the rational B-Spline motion in the Cartesian space
is obtained by substitutingm(u) from Eq. (6) into the ho-
mogeneous matrix[M]. From Eq. (3), it can be seen that if
the B-Spline curvem(u) is expressed as a polynomial func-
tion of degreep, then the matrix[M] represents a rational
B-Spline motion of degreep.
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Figure 2: A planar 4R closed chain.

2.2 Planar 4R Closed Chain

A planar 4R closed chain is composed of a pair of planar
2R open chains with their end links rigidly connected; see
Fig. 2. This planar 4R closed chain has one degree of free-
dom so the constraint manifold is a curve, which is the in-
tersection of two constraint surfaces governed by two planar
2R open chains.

Select the fixed frameF so that it is at the midpoint be-
tweena1 anda2, and the moving frameM at the midpoint
betweenb1 andb2. The position of the moving frameM is
composed of a translation fromF to O1 with a planar quater-
nion G1 = (−g/4,0,0,1), a displacement ofB1 relative to
O1 with Z(θ1,φ1), and another translation fromB1 to M
with a planar quaternionH1 = (h/4,0,0,1). Combining all
these displacements, we obtain the following transformation
from F to M:

Y1(θ1,φ1) = G1Z(θ1,φ1)H1 = [C1]Z(θ1,φ1), (7)

where the planar quaternionsZ(θ1,φ1),Y1(θ1,φ1), and the
matrix [C1] are given in Jin and Ge [12, 13].

SubstitutingYi; i = 1. . .4 from Jin and Ge [12, 13] into
Eq. (4), we obtain elements of the homogeneous matrix[M],
given bym1:

m1 = cos(θ1 + φ1),m2 = sin(θ1 + φ1),
m3 = a1cosθ1 +(σ− τ)cos(θ1 + φ1)− (σ+ τ),
m4 = a1sinθ1 +(σ− τ)sin(θ1 + φ1),

(8)

where,
σ = (g + h)/4, τ = (g−h)/4. (9)

Similarly the planar quaternion representing the other pla-
nar 2R open chain is given by:

Y2(θ2,φ2) = [C2]Z(θ2,φ2), (10)

SubstitutingYi; i = 1. . .4 from Eq. (10) into Eq. (4), we ob-
tain elements of the homogeneous matrix[M], given bym2:

m1 = cos(θ2 + φ2),m2 = sin(θ2 + φ2),
m3 = a2cosθ2 +(τ−σ)cos(θ1 + φ1)+ (σ+ τ),
m4 = a2sinθ2 +(τ−σ)sin(θ1 + φ1).

(11)

The constraint curve for the planar 4R closed chain is
the intersection of the constraint surfaces given by (8) and

(11), that ism1 = m2 = m = (m1,m2,m3,m4). The alge-
braic equations for the kinematic constraints are obtainedby
eliminatingθi,φi; i = 1,2 from Eqs. (8) and (11):

m2
1 + m2

2 = 1,
(m3− (σ− τ)m1+(σ+ τ))2+(m4− (σ− τ)m2)

2 = a2
1,

(m3 +(σ− τ)m1− (σ+ τ))2+(m4 +(σ− τ)m2)
2 = a2

2.
(12)

In this paper, the constraint equations of the form (12) will
be used for rational motion synthesis.

2.3 Planar 5R Closed Chain

Figure 3: A planar 5R closed chain.

Consider a planar 5R closed chain; see Figure 3. The con-
straint manifold for this planar 5R closed chain is a portion
of the constraint surface of a planar 2R open chain cut by
the inner and outer boundaries of the constraint manifold of
a planar 3R open chain.

The constraint surface of a planar 2R open chain is given
by Eq. (8). The constraint manifold of a planar 3R open
chain is given by:

Y2(θ2,φ2,ψ2) = [C2]Z(θ2,φ2,ψ2), (13)

whereZ(θ2,φ2,ψ2),Y2(θ2,φ2,ψ2) and[C2] are given in Jin
and Ge [12, 13].

SubstitutingY2 into Eq. (4), we obtain elements of the
homogeneous matrix[M]:

m1 = cos(θ2 + φ2 + ψ2),m2 = sin(θ2 + φ2 + ψ2),
m3 = a2cosθ2 + b2cos(θ2 + φ2)− (σ− τ)cos(θ2 + φ2 + ψ2)

+ (σ+ τ),
m4 = a2sinθ2 + b2sin(θ2 + φ2)− (σ− τ)cos(θ2 + φ2+ ψ2).

(14)
Once again, the kinematic constraint equations are ob-

tained by eliminatingθ2,φ2,ψ2 from Eq. (14). Assembling
all the constraint equations:

m2
1 + m2

2 = 1,
(m3− (σ− τ)m1+(σ+ τ))2+(m4− (σ− τ)m2)

2 = a2
1,

(m3 +(σ− τ)m1− (σ+ τ))2+(m4 +(σ− τ)m2)
2 = R2

2(φ2),
(15)

where
R2

2(φ2) = a2
2 + b2

2+2a2b2cos(φ2),
|a2−b2| ≤ R2(φ2) ≤ (a2 + b2).

(16)
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2.4 Planar 6R Closed Chain

Figure 4: A planar 6R closed chain.

Consider a planar 6R closed chain; see Figure 4. The
constraint manifold for this planar 6R closed chain is the
intersection of constraint manifolds of two planar 3R open
chains. Similar to the case of a planar 5R closed chain, the
two constraint manifolds for the 6R chain are given by

Y1(θ1,φ1,ψ1) = [C1]Z(θ1,φ1,ψ1), (17)

Y2(θ2,φ2,ψ2) = [C2]Z(θ2,φ2,ψ2).

Following the same procedure as outlined in the previous
subsections, the kinematic constraints in terms of the ele-
ments of the homogeneous matrix[M] for a planar 6R closed
chain are obtained and given by:

m2
1 + m2

2 = 1,
(m3− (σ− τ)m1+(σ+ τ))2+(m4− (σ− τ)m2)

2 = R2
1(φ1),

(m3 +(σ− τ)m1− (σ+ τ))2+(m4 +(σ− τ)m2)
2 = R2

2(φ2),
(18)

where
R2

1(φ1) = a2
1 + b2

1+2a1b1cos(φ1),
|a1−b1| ≤ R1(φ1) ≤ (a1 + b1),

(19)

andR2(φ2) is given by Eq. (16).

3 Rational Motions of Planar 6R
Closed Chain

In this section, we present an algorithm adopted from Purwar
et al. [15] for synthesizingC2 continuous piecewise rational
motions of planar 6R closed chain under the kinematic con-
straints derived in the previous section.

3.1 C2 Interpolating Rational Motion for Pla-
nar 6R Closed Chain

Given: A set of positions of the coupler link of a planar 6R
closed chain in its workspace, the corresponding parameter
valuesui(i = 1. . .n), lengths of the links given byai,bi(i =
1,2), and the distance between the two moving pivots and
between the two fixed pivots given byh andg, respectively.

Find: A C2 rational motion of the coupler link that inter-
polates the given positions at the respective parameter values

subject to the kinematic constraints of the planar 6R closed
chain.

In what follows, we first present a sketch of the algorithm:

1. Given positions of the coupler are converted to the ele-
ments of the displacement matrix; this gives us a set of
element vectors,mi; i = 0. . .n. An initial interpolating
C2 B-spline curvem(u) is constructed1 in the space of
the elements of the displacement matrix using Eq. (6).

2. The curvem(u) in the parameter space should sat-
isfy following geometric constraints (rewritten from
Eq. (18) and slightly modified from Eq. (5)):

(a1−b1)
2 ≤ F1(u) ≤ (a1 + b1)

2, (20)

(a2−b2)
2 ≤ F2(u) ≤ (a2 + b2)

2, (21)

(1.0− δ)2 ≤ F3(u) ≤ (1.0+ δ)2, (22)

where

F1(u) = (m3(u)− (σ− τ)m1(u)+(σ+ τ))2+(m4(u)−
(σ− τ)m2(u))2,

F2(u) = (m3(u)+(σ− τ)m1(u)− (σ+ τ))2+(m4(u)+
(σ− τ)m2(u))2,

andF3(u) = m2
1(u)+ m2

2(u). In Eq. (22),δ is a user-
defined value that can be chosen as small as desired
to approximate the circular constraints. Here, we have
modified the form of (5) to an inequality constraint for
numerical computation.

Since aC2 B-spline curve, such asm(u) has a piece-
wise cubic Bézier representation, it is easy to evaluate
the first order derivative of functionsFi(u); i = 1,2,3
and verify if the geometric constraints given above are
satisfied. The solution of following equations yields the
extrema of functionsFi(u); i = 1,2,3:

dF1(u)

du
= 0,

dF2(u)

du
= 0,

dF3(u)

du
= 0. (23)

If an extremum of any of the functionsFi(u) is out-
side the corresponding inequality given in Eqs. (20),
(21), or (22), the constraints are considered violated.
Such a constraint violating extremum (say, atu = u∗)
is called an extreme pointm∗ on the parameter space
curvem(u).

3. If an extreme point is found atu = u∗, this point is re-
placed with a new pointm(u∗) that satisfies the geo-
metric constraints (Eqs. (20), (21), and (22)) and added
to the initial set of positions given to be interpolated. A
newC2 B-spline curve is generated that interpolates this
new point as well. We also require this new point to be
minimally away from the extreme point so as to allow

1Designing aC2 B-spline curve is a standard scheme in CAGD (see
Farin [1] and Piegl and Tiller [2]).
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the least amount of change in the shape of the previ-
ously generated curve. If the new curve satisfies all the
constraints, we stop otherwise we repeat the procedure
outlined above.

4. The issue of finding a new point that is minimally away
from an extreme point can be turned into a normal
distance minimization problem in the parameter space.
This problem has been effectively solved by Ravani and
Roth [19], who gave a general algebraic method for
approximate normal distance calculation between the
image curve and a given position in the image space.
However, our operating space in this paper being a pa-
rameter space rather than an image space, a proper met-
ric for this space has to be defined. We now show
via a simple derivation that our choice of a metric for
the space of the elements of the displacement matrix
is directly related to the metric used by Ravani and
Roth [19] for planar displacements: Normal distance
in the image space of planar displacements is given by
YT Y = Y 2

1 +Y 2
2 +Y 2

3 +Y 2
4 , whereY = (Y1,Y2,Y3,Y4) is

a planar quaternion. Using Eqs. (2) and (4), we obtain:

m2
1 + m2

2+
1
4

m2
3 +

1
4

m2
4 = Y 2

1 +Y2
2 +Y2

3 +Y2
4 (24)

or, mT [Q]m = YT Y, where [Q] =








1 0 0 0
0 1 0 0
0 0 1/4 0
0 0 0 1/4









Thus, to calculate normal

distance between two points in the parameter space,
expressionmT [Q]m should be used.

We note here that the choice of a metric for planar or
spatial displacements is a continuing topic of research
(see Angeles [20] for the latest on this topic) due to the
problem associated with combining translation and ro-
tation in a meaningful way. Our choice of metric in the
space of the elements of displacement matrices com-
bines translation with the rotation in such a way that the
“distance” between two planar displacements is same
as the metric used by Ravani and Roth [19]. In the
context of four-bar mechanism synthesis, the method
used by Ravani and Roth [19] solves the design prob-
lem of determining an image curve that passes through
or near a set of given points. The image curve is al-
gebraically given by intersection of two quadric hyper-
surfaces (constraint surfaces). The method is approx-
imate in the sense that the constraint surfaces are ap-
proximated by their tangent hyperplane in the vicinity
of the desired position. We now outline and conform
Ravani and Roth [19]’s method for calculation of a new
point in our problem:

Assuming that there exists an extreme pointm∗ at
u = u∗ on the curve and a new pointm is desired to be
inserted to the initial set of given positions at the same
parameteru = u∗, we define a normal error vectore =
m−m∗. The new pointm = (m1,m2,m3,m4) should

satisfy the geometric constraints given by Eqs. (20),
(21), and (22), rewritten as follows.

H1(m) : (m3−(σ−τ)m1+(σ+τ))2+(m4−(σ−τ)m2)
2−r2

1 = 0,
(25)

H2(m) : (m3+(σ−τ)m1−(σ+τ))2+(m4+(σ−τ)m2)
2−r2

2 = 0,
(26)

H3(m) : m2
1 + m2

2− r2
3 = 0, (27)

where we have introduced new variablesr1, r2, andr3

that should satisfy following inequalities:

|a1−b1| ≤ r1 ≤ (a1 + b1), |a2−b2| ≤ r2 ≤ (a2 + b2),
|1.0− δ| ≤ r3 ≤ (1.0+ δ).

(28)

Equations (25), (26), and (27) describe three different
quadric hypershells in the parameter space. We seek
to minimize the square of thel2 norm of the error vec-
tor e subject to the condition thatm satisfies these in-
equalities. This optimization procedure yields the op-
timal values of variablesr1, r2 and r3, which in turn
give the new pointm = e∗ + m∗, wheree∗ is the opti-
mized normal error vector. This new pointm may not
satisfy the kinematic constraints because the constraint
surfaces are only approximated in this approach. In that
case, this new pointm is set as the new extreme point
m∗ and the process described above is repeated.

For faster computation of optimized normal error vec-
tor, Ravani and Roth [19] suggest an approximate
method by using Taylor series expansion of the hyper-
surfaces (Eqs. (25) (26), and (27)) in the vicinity of the
extreme pointm∗:

0 = H1(m∗)+
4

∑
i=1

∂H1(m∗)

∂mi
∆mi,

0 = H2(m∗)+
4

∑
i=1

∂H2(m∗)

∂mi
∆mi,

0 = H3(m∗)+
2

∑
i=1

2m∗
i ∆mi. (29)

These equations can be assembled as follows:













∂H1

∂m1

∂H1

∂m2

∂H1

∂m3

∂H1

∂m4
∂H2

∂m1

∂H2

∂m2

∂H2

∂m3

∂H2

∂m4

2m1 2m2 0 0

























∆m1

∆m2

∆m3

∆m4













=













−H1

−H2

−H3













.

(30)
The above can also be written as

[J]e = v. (31)

We solve for the normal error vectore by minimizing
the Lagrangian function given as follows:

L(e,a) = eT [Q]e+ aT ([J]e−v), (32)
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wherea = (a1,a2,a3) is a vector of Lagrange multi-
pliers,e = (m1−m∗

1,m2−m∗
2,m3−m∗

3,m4−m∗
4), v =

(−H1(m∗),−H2(m∗),−H3(m∗)),

and[Q] =









1 0 0 0
0 1 0 0
0 0 1/4 0
0 0 0 1/4









.

Matrix [Q] comes about from using a proper metric (as
derived earlier) for the parameter space of the elements
of the displacement matrix. Putting the condition for a
minimum as

∂L
∂ei

= 0, i = 1,2,3,4 (33)

where(e1,e2,e3,e4) are the coordinates of the vectore
and assembling the solution equations, we obtain

2g+[J]T a = 0, (34)

whereg = (2e1,2e2,e3/2,e4/2). If we transform the
matrix [J] to [J′] such that

[J′] =













∂H1

∂m1

∂H1

∂m2
4

∂H1

∂m3
4

∂H1

∂m4
∂H2

∂m1

∂H2

∂m2
4

∂H2

∂m3
4

∂H2

∂m4

2m1 2m2 0 0













, (35)

then Eq. (34) changes to

2e+[J′]T a = 0. (36)

Thus, if e∗ designates the solution to the error vector
(or, the normal distance) then it should satisfy the equa-
tions

[J]e∗ = v,

2e∗ +[J′]T a = 0. (37)

Equation (37) gives an explicit formula for the solution
error vectore∗ as:

e∗ = [J′]T ([J][J′]T )−1v. (38)

Thus, we can determine the variablesr1, r2, andr3 by
optimizing the function

E(m,r1,r2,r3) = (e∗)T e∗, (39)

subject to constraints given by Eq. (28).
With normal error vectore∗ known, the new point is
given by

m = e∗ + m∗. (40)

Since the constraint surfaces have been approximated
by their tangent hyperplanes in the vicinity of the ex-
treme pointm∗, this new pointm may not lie inside the
constraint solids given by Eqs. (25), (26), and (27). If
the new point does not satisfy the constraints, the newly
obtained pointm is set as an extreme pointm∗ and the
procedure described above is repeated from Eq. (29)

until a new pointm is obtained that satisfies the kine-
matic constraints. With this new point added to the set
of initial positions, a newC2 B-spline is generated that
interpolates the points. If the new curve detects any
further violation of the kinematic constraints, the op-
timization process is repeated until no further extreme
points are found. This process at the end gives an inter-
polating motion that satisfies the kinematic constraints.
Now, we present the algorithm:

Algorithm

1. Convert given positions of the coupler link into matrix
elementsmi = (mi1,mi2,mi3,mi4) using Eqs. (1) and (4)
or, if given in terms of joint angles, by direct substi-
tution into the homogeneous form of the displacement
matrix.

2. Current list of points to be interpolated = given points
(mi; i = 1. . .n)

3. Construct aC2 cubic B-spline curvem(u) that interpo-
latesmi at parameter valuesui

4. Evaluate the extrema ofFi(u); i = 1,2,3 using Eq. (23).
Repeat Steps (a) to (f) for all extrema.

(a) Say, an extreme point is found atu = u∗.

(b) Check ifm(u∗) satisfies the kinematic constraints
(Eqs. (25), (26), and (27)).

(c) If yes, the curve is constrained; continue to Step
5. If no, designatem(u∗) as an extreme pointm∗

and continue.

(d) Find a new pointm (Eqs. (29) – (40)).

(e) Check if the new pointm satisfies kinematic con-
straints (Eqs. (25), (26), and (27)).

i. If yes, continue to next Sub-step (f)

ii. else, setm∗ = m and repeat from Sub-step
(d).

(f) Add m at u = u∗ to the current list of points to be
interpolated and go to Step 3.

5. The parameter space curvem(u) defines aC2 interpo-
lating piecewise rational motion of degree 3 after sub-
stitution into Eq. (3).

We have observed that this algorithm always converges.
In this algorithm, the B-spline curve is generated using a
global interpolation scheme (Piegl and Tiller [2]). In this
scheme, although moving one of the interpolating points
changes the curve globally, the change in the curve dimin-
ishes away from the modification point.

4 Example

In this section, we present an example to demonstrate the
algorithm presented earlier. Table 1 gives the elements of
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Table 1: Elements of the displacement matrix of the
given positions of the coupler link of a planar 6R closed
chain(a1 = 1.0,b1 = 3.0,a2 = 4.0,b2 = 3.2,g = 6.0,h = 3.6)

i mi = (mi1,mi2,mi3,mi4) ui

1 (1.0000,0,2.0449,−0.1941) 0.0
2 (0.8660,0.5000,1.9067,1.5028) 2.0
3 (0.9659,−0.2588,−0.8893,3.4851) 5.0
4 (0.9659,0.2588,−0.7850,3.2651) 7.0
5 (0.8568,0.5157,−2.3005,3.1447) 10.0

Table 2:Kinematic constraints of given planar 6R closed
chain. δ = 0.05

i Kinematic constraints (Fi)
1 4.00≤ F1 ≤ 16.00
2 0.64≤ F2 ≤ 51.84
3 0.95≤ F3 ≤ 1.05

the displacement matrix(mi1,mi2,mi3,mi4) for five positions
of the coupler link of a planar 6R closed chain along with
their parameter values. The table also gives the link lengths
and the distances between moving and the fixed pivots. The
range of the inequality for the kinematic constraints givenby
Eqs. (20), (21), (22) are shown in Table 2.

For the input data given in the Table 1, our algorithm takes
two iterations to produce aC2 B-spline motion that satisfies
all the kinematic constraints. In the first iteration, four ex-
treme points are detected; out of which all the four violate
the approximate rigid body constraint given by Eq. (22), and
two of them also violate the constraint given by Eq. (20).
In the second iteration, one extreme point is detected. This
is shown partially in Fig. 5, where a part of the constraint
surface parameterized by coordinatesm1,m2,m3 is shown.
The figure shows the hypersurface given by Eq. (5), which
is a cylinder perpendicular tom1m2 plane. The initial un-
constrained B-spline curve is shown by broken line and the
initial positions to be interpolated are shown by round filled
circles (‘•’) The extreme points detected in the first iteration
are shown by the ‘star’ (‘⋆’) symbol, while the lone extreme
point detected in the second iteration is shown by a ‘delta’
(‘△’) symbol. The figure also indicates the parameter and
the value of theFi(u); i = 1,3 functions ((20), and (22)) at
the extreme points. It can be clearly seen that none of the
extreme points are on the hypercylinder, indicating a viola-
tion of rigid body constraint, however in this figure it is dif-
ficult to see the violation of the constraint given by Eq. (20).
The algorithm adds five new points (indicated by ‘�’) cor-
responding to the five extreme points. The new curve lies
on or very near (due to a choice ofδ = 0.05) to the hy-
percylinder and satisfies all the constraints. To visualize
the violation of the other constraint, we show the intersec-
tion of the corresponding four dimensional constraint shells

Figure 5: Unconstrained and constrained interpolation; kine-
matic constraint surface in a three-dimensional space param-
eterized bym1,m2,m3 coordinates: all five extreme points
(⋆) violate circular constraint; algorithm adds five new points
(�).

Figure 6: Intersection of two constraint shells (4.00≤ F1 ≤
16.00 and 0.64≤ F2 ≤ 51.84) with m1 = 1 hyperplane and
the unconstrained and constrained curve: two extreme points
with F1(8.83) = 2.77 andF1(9.06) = 2.67 violate the kine-
matic constraint: 4.00≤ F1

(Eqs.(20), (21)) withm1 = 1 hyperplane in Fig. 6. Inm1 = 1
hyperplane, Eqs.(20) and (21) describe two elliptic cylindri-
cal shells. The curve is constrained to lie inside the volume
between the boundary surfaces. The figure shows two ex-
treme points that violate theF1 constraint (Eq.(20)). These
two points are clearly seen to be outside the constraint shell
bounded by surfaces marked as min(F1) and max(F1). These
are the same two points, which violate theF1 constraint in
first iteration (see Fig. 5). Also shown are two new points
(‘�’) added by the algorithm and the constrained curve. The
final interpolating curve satisfies all the constraints, which in
the Cartesian space translates into aC2 continuous B-spline
rational motion of the planar 6R closed chain.

5 Rational Motions of Planar 4R and
5R Closed Chain

By transforming the equality relations of 4R and 5R closed
chains from Eqs. (12) and (15) into inequalities, we can ap-
ply the same algorithm as presented before to do constrained
interpolation for 4R and 5R closed chains as well. We have
already seen how to transform the circular constraint into
an inequality (Eq. (20)). Here we focus on the other equal-
ity constraints. We modify the equality constraints from
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Eq. (12) of planar 4R closed chains as follows:

(a1− ε1)
2 ≤ F1(u) ≤ (a1 + ε1)

2, (41)

(a2− ε2)
2 ≤ F2(u) ≤ (a2 + ε2)

2, (42)

whereε1 andε2 are user-defined tolerances, andF1(u) and
F2(u) have been previously defined. Thus, by choosing these
tolerances to be as small as possible, the user can use the
same algorithm to do constrained interpolation to a desired
degree of satisfaction. The new points are added in the
same way as described before. In case of planar 5R closed
chain, we modify the only non-circular equality constraint
in Eq. (15) to be same as the modified constraint given by
Eq. (41).

6 Conclusions

In this paper, we presented a method for synthesizing piece-
wise rational motions subject to the kinematic constraintsof
the planar 6R closed chain by directly using the elements
of the displacement matrix. This method has the advantage
of being direct and produces lower degree motions. It was
shown that the method is general enough to handle the planar
4R and 5R closed chains as well.
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