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Abstract Roschel [8], and Purwar and Ge [9]. However, this study
differs from the aforementioned work in that our focus is

This paper deals with the motion interpolation of an objecton the rational motions undémematic constraints and we

that satisfies the kinematic constraints imposed by plaRar 6 Synthesize such motions directly using the elements of the
closed chains. The paper brings together the well-knowhomogeneous form of displacement matrix. Although the
kinematics of planar 6R closed chains and the freeform-ratiowork by Horsch and Juttler [10] and Wagner and Ravani[11]
nal motions to synthesize the constrained piecewise raition ON direct application of rational motions to Cartesian mioti
motions in the Cartesian space. The methodology adopted ianning of robots seems related, they have not dealt with
this paper is based on transforming the kinematic constrain rational motions under kinematic constraints. Very relgent

of planar 6R closed chains into geometric constraints andor the first time, Jin and Ge [12, 13] studied the problem
the problem of designinG? continuous rational motions is ©f motion interpolation under kinematic constraints faa-pl
treated as designing smooth splines in the space of plan&@r 2R, 3R open chains, as well as 6R closed chains, while
displacement matrix parameters. In contrast to another ag2urwar et al. [14, 15] studied the same problem for spher-
proach of designing smooth splines in the space of plandfal 2R, 3R robot arms and 6R closed chains. Their ap-
guaternions, this approach has the advantage of being direBroach involved using quaternions to represent planar and
and yields lower degree motions. The results have applicasPherical displacements (see Bottema and Roth [16] and Mc-

tion in task specification in mechanism synthesis and CarteCarthy [17] for quaternion representation of displacersent
sian motion planning in robotics. The kinematic constraints are transformed into geometric

constraints and the problem of synthesizing smooth piece-
Keywords: Rational Motions, Constrained Motion Interpo- Wise rational motions is converted into that of designing
lation, Planar Kinematic closed chains smooth piecewise rational curves in the space of quatesnion
under the geometric constraints. Pursuant to that work, Jin
and Ge [18] investigated directly employing the elements of
1 Introduction the matrix of a planar displacement for motion interpolatio
of both revolute and prismatic jointed open planar chains.

This paper studies the problem of synthesizing smoothhis paper extends that work to planar 6R closed chains
piecewise rational interpolating motion of planar 6R cthse and shows that the problem of motion interpolation under
chains under kinematic constraints. Given a set of displacethe kinematic constraints of a planar 6R closed chain can
ments of the coupler of a planar 6R closed chain, the obbe effectively solved using an iterative algorithm. It isal
jective is to synthesize @2 continuous piecewise rational shown that the same algorithm can be used for motion inter-
motion that interpolates the given displacements and-satig®olation of planar 4R and 5R closed chains under kinematic
fies the kinematic constraints of a planar 6R closed chainconstraints.
Kinematic constraints under consideration are rigid body Advantages of directly using the elements of displacement
constraints and workspace related constraints that limeit t matrix (as opposed to quaternions) for motion interpofatio
position of the links of planar closed chains in the Cartesia are that the interpolation process is straightforward ued t
space. The rationale behind the choice of rational motiongesulting motion is of lower degree; e.g., cubic interpolat
stems from the fact that the trajectories of an object urmlerg of planar quaternions produces a motion of degree six, while
ing rational motions are rational curves and surfacesether that of the elements of displacement matrices produces a mo-
making them suitable for existing Non-uniform Rational B- tion of degree three only. We note that the degree mentioned
spline (NURBS) based CAD/CAM system. here pertains to the motion interpolation parameter, lsual
The work reported in this paper rests on the well-knownassociated with time.
idea of application of geometry based CAGD algorithms In this paper, the kinematic constraints of the closed chain
(Farin [1], and Piegl and Tiller [2]) in the image space of are formulated in terms of the elements of the matrix, thus
displacements (Ravani and Roth [3]) for giving rise to free-giving rise to the constraint manifold in the parameter spac
form rational motions. For details on rational motion, seeof the matrix elements. In the space of the matrix elements,
Ge and Ravani [4, 5], Juttler and Wagner [6], Wagner [7],this manifold is given by algebraic equations and can be seen
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as describing geometric constraints. Given a series of cou-
pler's positions in Cartesian space, the problem of syithes
ing the smooth interpolating rational motion of a planar 6R
closed chain is reduced to that of designin@acontinuous
rational spline constrained to lie on the constraint mddifo T o
To solve this problem, first a free-for@® continuous B- d»
spline curve interpolating through the given positionsés d
signed in the parameter space. An iterative algorithm detec 0] R F
the violation of the kinematic constraints by searching for k
those extreme points of the curve that do not satisfy the ge-
ometric constraints. Such extreme points are replaced with
new points that satisfy the constraints and the resulting ne
points are added to the ordered set of the initial positions t
be interpolated. An example is given to show how this al- | view of (1), we have
gorithm produces smooth planar rational spline motions tha
satisfy the kinematic constraints of a planar 6R closedrchai Y24+Y2=1 )
The organization of the paper is as follows” Section 2

presents the algebraic form of kinematic constraints im$er The components of a planar quaternion are related to the

of the elements of the displacement matrix of planar C'°Seqjlomogeneous transform of a planar displacement by:
4R, 5R, and 6R kinematic chains. Section 3 deals with the

Figure 1: A planar displacement.

problem of constrained motion interpolation in a paramet- m —mp mg
ric space defined by the elements of the displacement matrix M=|m m m|, 3)
and presents an algorithm for the problem of rational mo- 0O o 1
tion planning for planar 6R closed chains. An example is
presented to illustrate the working of the algorithm. Sec-ynhere
tion 5 discusses how the motion interpolation problem can
be solved for 4R and 5R closed chains using the same algomy = (Y2 —Y$)/(YZ +Y2), My = 2Y3Ya/ (Y2 +Y2),
rithm. Mg = 2(Y1Ya —YoY3) /(Y2 +Y2), mu=2M1Yz+Y2Ya)/ (Y2 +Y2).
(4)
It follows that
2 Kinematics of Planar Closed Kine- me+mé = 1. (5)
matic Chains This circular constraint (5) ensures that the homogeneous

) ) ) ) ) ] transform[M] represents a rigid-body transformation. This
This section derives the algebraic relations that chanaete  qnsiraint is an inherent property of the planar rigid body
the kinematic constraints of various closed planar chains I displacement matrices.

terms of the displacement matrix elements. However, we If m —
first present a planar quaternion based formulation of theFn param
kinematics of planar closed chains and then derive the matri
element formulation of constraints. The goal is to present
representation of rational motions that can easily haridie t
kinematic constraints of the planar chains.

(my, My, Mg, my) are rational functions of degree
eteu (u being usually associated with time), such
that the circular condition (5) is satisfied, then the mgtvix
"‘r'epresents a rational motion of degreeOn the other hand,
from Eq. (4) it is clear that choosing planar quaternioa:
(Y1,Y2,Y3,Ys) to construct a rational motion would produce
a rational motion of degreen2 In this paper, we usm =
(my, mp, Mg, my) directly to construct a rational motion.

Let mj = (m1,m2, M3, mig); i =0,....n be (n+1) vec-
For a planar displacement shown in Figure 1,dgid, de-  tors of displacement matrix parameters, then the following
note the coordinates of the origin of the moving frakien represents a B-Spline curve in the parameter space:
the fixed frame- anda denote the rotation angle & rel-
ative toF. Then the planar displacement can be presented
by a planar quaterniorY = Yi&i + Y2¢€j + Ysk + Y, where
(i,j,k, 1) form the quaternion basis aads the dual unit with
the propertye® = 0. The components of the planar quater-whereN; ,(u) are pth-degree basis functions. A representa-

2.1 Planar quaternions

mw) = 5 Np(m. ©

nion,Y = (Y1,Y2,Ys,Ys), are given by McCarthy [17]: tion for the rational B-Spline motion in the Cartesian space
is obtained by substitutingn(u) from Eq. (6) into the ho-
Y, = dh o8 o sind . Y, = I L. cos2, mogeneous matrigM]. From Eg. (3), it can be seen that if
2,2 2 2 2, 2 2 2 the B-Spline curven(u) is expressed as a polynomial func-
Y3 = sin=» Yo = cos5- tion of degreep, then the matrixM] represents a rational

(1)  B-Spline motion of degrep.
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B —h__ _ (11), that ism1 = mp = m = (my, My, mg,M4). The alge-
~hp braic equations for the kinematic constraints are obtalryed
b Ao > eliminating6;,@;i = 1,2 from Eqgs. (8) and (11):
O ai \a
b> 2
01 ,ﬁF 82 \ m% + m% =1,
\ (Mg — (0~ )My + (0+T1))2+ (Mu — (0 —1)mp)? = &,
A x| ApK (Me+ (0= O)my — (0+7T)%+ (My+ (0~ T)mg)? = a(%iZ)
—g/)—
52 g In this paper, the constraint equations of the form (12) will

be used for rational motion synthesis.

Figure 2: A planar 4R closed chain.
2.3 Planar 5R Closed Chain

2.2 Planar 4R Closed Chain —h—_ '\
A planar 4R closed chain is composed of a pair of planar b \; " \b~
2R open chains with their end links rigidly connected; see 3 N
Fig. 2. This planar 4R closed chain has one degree of free- @ c> D
dom so the constraint manifold is a curve, which is the in- F b
tersection of two constraint surfaces governed by two plana ?’ a2
2R open chains. st SR a
Select the fixed fram€& so that it is at the midpoint be- e
tweena; anday, and the moving fram#1 at the midpoint g
betweerb; andb,. The position of the moving frami is
composed of a translation frofto O, with a planar quater- Figure 3: A planar 5R closed chain.
nion G1 = (—g/4,0,0,1), a displacement oB; relative to
01 with Z(61,¢1), and another translation fro; to M
with a planar quaterniokl; = (h/4,0,0,1). Combining all Consider a planar 5R closed chain; see Figure 3. The con-
these displacements, we obtain the following transformmati - straint manifold for this planar 5R closed chain is a portion
fromF toM: of the constraint surface of a planar 2R open chain cut by

the inner and outer boundaries of the constraint manifold of
Y1(61,¢1) = G1Z(61,¢1)H1 = [C1]Z(61,¢1),  (7)  a planar 3R open chain.
The constraint surface of a planar 2R open chain is given
by Eqg. (8). The constraint manifold of a planar 3R open
chain is given by:

where the planar quaternio@$61,@;),Y1(01,¢1), and the
matrix [C1] are given in Jin and Ge [12, 13].
SubstitutingYj;i = 1...4 from Jin and Ge [12, 13] into

Eqg. (4), we obtain elements of the homogeneous mtjx Yo(02,@,W) = [C2)Z(82,@,W02), (13)
given bym;:
whereZ (82, @, W2), Y 2(02, @, W2) and[Cy] are given in Jin
my = cog01+ @1), M = sin(B1 + @), and Ge [12, 13].
Mg =a1coh1+ (0—1)cogO1+ @) —(0+T1), (8) SubstitutingY, into Eq. (4), we obtain elements of the
my = a1 SinB1 + (0 —T)sin(61 + ¢1), homogeneous matri]:
where, My = cog02 + @2 + YP2), M = sin(02 + 2 + Y2),
0=(9+h)/4, 1=(g—h)/4 (9) ms=a200§92+b2008(92+<m)—(G—T)COS(92+<P2+HJ2)
+(0+71),

Similarly the planar quaternion representing the other pla N . e
nar 2R open chain is given by: My = a25in6; + by sin(Bz + @2) — (0 —T)codB, + (szr(ff))'

_ Once again, the kinematic constraint equations are ob-
Y2 (0 =[C)Z(0 1
2(92,92) = [C2]Z (B2, 42) (10) tained by eliminatind, @, > from Eq. (14). Assembling

Substitutingy;;i = 1...4 from Eq. (10) into Eq. (4), we ob- all the constraint equations:
tain elements of the homogeneous matkilf, given bymsy: m§+ m% _1,

— CogBy+ 0p). M — SinB 4 0. (M5 — (6 — DMy + (0 + 1)+ (my — (0~ )2 = &,
211; = ;Sgoszel—fz()r Tzo') CS()I?((GE:(EZ))_F (o'_|_ '[), (11) (m3 + (0 - T)ml - (0+ T))2+ (m4+ (0_ T)mZ)z = R%((lpz)a

my = a,sinB + (T— 0) sin(B; + @1). (15)
where ) o
The constraint curve for the planar 4R closed chain is RE(@2) = a5 + b3 + 28z, cog @), (16)
the intersection of the constraint surfaces given by (8) and a2 — ba| < Ro(@2) < (az2+ o).
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2.4 Planar 6R Closed Chain

subject to the kinematic constraints of the planar 6R closed

chain.

~—h
M
b\~ hp
~~® Y V% b,
\ 2
r 1 CldT e
b-
a‘J 61 ,ﬁF
a5 abtlf al
g — ‘
g

Figure 4: A planar 6R closed chain.

Consider a planar 6R closed chain; see Figure 4. The
constraint manifold for this planar 6R closed chain is the
intersection of constraint manifolds of two planar 3R open
chains. Similar to the case of a planar 5R closed chain, the
two constraint manifolds for the 6R chain are given by

Yl(elacplal-pl) [Cl]z(elv(Plqul)v
Y2(627(p27l-p2) [02]2(9274)27UJ2)-

Following the same procedure as outlined in the previous
subsections, the kinematic constraints in terms of the ele-
ments of the homogeneous matifi4] for a planar 6R closed
chain are obtained and given by:

m+m =1,

(17)

(Mg — (0—T)M+ (0+1))*+ (My— (0 —T)Mp)* = RE(@n),
(mg+ (0 —1)M — (0 +1))%+ (My+ (0 —T)Mp)? = R%((lc%z)),

where
R%((pl) = a%'i_b%"’_zalblcos((pl)a (19)

|a1 —ba| < Ru(@r) < (a1 +ba),
andRy (@) is given by Eqg. (16).

3 Rational Motions of Planar 6R

Closed Chain

In this section, we present an algorithm adopted from Purwar
et al. [15] for synthesizin@? continuous piecewise rational
motions of planar 6R closed chain under the kinematic con-
straints derived in the previous section.

3.1 C?Interpolating Rational Motion for Pla-
nar 6R Closed Chain

Given: A set of positions of the coupler link of a planar 6R
closed chain in its workspace, the corresponding parameter
valuesu;(i = 1...n), lengths of the links given bg;, b;(i =

1,2), and the distance between the two moving pivots and
between the two fixed pivots given byandg, respectively.

In what follows, we first present a sketch of the algorithm:

1. Given positions of the coupler are converted to the ele-
ments of the displacement matrix; this gives us a set of
element vectoran;;i = 0...n. An initial interpolating
C? B-spline curvem(u) is constructetiin the space of
the elements of the displacement matrix using Eq. (6).

. The curvem(u) in the parameter space should sat-
isfy following geometric constraints (rewritten from
Eq. (18) and slightly modified from Eq. (5)):

(a1—b1)? <F1(u) < (a1 +b1)?, (20)
(a2 —bp)? < Fa(u) < (@ +bp)?, (21)
(1.0—3)%2 < F3(u) < (1.043)?, (22)
where
Fi(u) = (Mg(u) — (0 —T)m(U) + (0 + 1))+ (Ma(u) —
(0—1)mp(u))?,
F2(u) = (Mg(u) + (0 —1)my(u) — (0+1)) + (Ma(u) +
0 —T)mp(u))?,

andFs(u) = m2(u) + mg(u). In Eq. (22),8 is a user-
defined value that can be chosen as small as desired
to approximate the circular constraints. Here, we have
modified the form of (5) to an inequality constraint for
numerical computation.

Since aC? B-spline curve, such asi(u) has a piece-
wise cubic Bézier representation, it is easy to evaluate
the first order derivative of functiong(u);i = 1,2,3

and verify if the geometric constraints given above are
satisfied. The solution of following equations yields the
extrema of function§; (u);i = 1,2,3:

dFi(u) ng(u)_ drs(u)
du " du

=0.

du ’

(23)

If an extremum of any of the functiorig(u) is out-
side the corresponding inequality given in Egs. (20),
(21), or (22), the constraints are considered violated.
Such a constraint violating extremum (sayuat u*)

is called an extreme poimh* on the parameter space
curvem(u).

. If an extreme point is found at= u*, this point is re-
placed with a new poinin(u*) that satisfies the geo-
metric constraints (Egs. (20), (21), and (22)) and added
to the initial set of positions given to be interpolated. A
newC? B-spline curve is generated that interpolates this
new point as well. We also require this new point to be
minimally away from the extreme point so as to allow

Find: A C? rational motion of the coupler link that inter-

1Designing aC? B-spline curve is a standard scheme in CAGD (see

polates the given positions at the respective parameteesal Farin [1] and Piegl and Tiller [2]).
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the least amount of change in the shape of the previ-
ously generated curve. If the new curve satisfies all the
constraints, we stop otherwise we repeat the procedure
outlined above.

. Theissue of finding a new point that is minimally away
from an extreme point can be turned into a normal
distance minimization problem in the parameter space.
This problem has been effectively solved by Ravani and
Roth [19], who gave a general algebraic method for
approximate normal distance calculation between the
image curve and a given position in the image space.
However, our operating space in this paper being a pa-
rameter space rather than an image space, a proper met-
ric for this space has to be defined. We now show
via a simple derivation that our choice of a metric for
the space of the elements of the displacement matrix
is directly related to the metric used by Ravani and
Roth [19] for planar displacements: Normal distance
in the image space of planar displacements is given by
YTY = Y2+ Y2+ Y2+ Y2, whereY = (Y1,Y2,Y3,Ya) is

a planar quaternion. Using Egs. (2) and (4), we obtain:

1, 1
M+ e g mE oM =Y H VS Y (24)

or, m'[Qm = YT, where [Q] =
1 0 O 0
01 O 0
00 Y4 0 Thus, to calculate normal
0 0 0 14

distance between two points in the parameter space,
expressionn’ [QJm should be used.

We note here that the choice of a metric for planar or
spatial displacements is a continuing topic of research
(see Angeles [20] for the latest on this topic) due to the
problem associated with combining translation and ro-
tation in a meaningful way. Our choice of metric in the
space of the elements of displacement matrices com-
bines translation with the rotation in such a way that the
“distance” between two planar displacements is same
as the metric used by Ravani and Roth [19]. In the
context of four-bar mechanism synthesis, the method
used by Ravani and Roth [19] solves the design prob-
lem of determining an image curve that passes through
or near a set of given points. The image curve is al-
gebraically given by intersection of two quadric hyper-
surfaces (constraint surfaces). The method is approx-
imate in the sense that the constraint surfaces are ap-
proximated by their tangent hyperplane in the vicinity
of the desired position. We now outline and conform
Ravani and Roth [19]'s method for calculation of a new
pointin our problem:

Assuming that there exists an extreme paimt at
u=u* on the curve and a new point is desired to be
inserted to the initial set of given positions at the same
parameteu = u*, we define a normal error vecter=

m —m*. The new poinim = (Mg, mp, Mg, my) should

355

satisfy the geometric constraints given by Egs. (20),
(21), and (22), rewritten as follows.

2_ 2

Hi(m) : (Mg — (0—T)My+ (0+T1))%+ (Mg — (0 —T)mp) > —r{ =
(25)
Ha(m) : (Mg + (0 —T)My — (0+T))%+ (Mg + (6 —T)mp) > —r5 =0,
(26)
Ha(m) :mé 4+ mj —r3 =0, (27)

where we have introduced new variabigsro, andrs
that should satisfy following inequalities:

lap — b1 <r1 < (ar+by), |ag —bo| <12 < (az+by),
|1.0—9| <r3 < (1.049).
(28)

Equations (25), (26), and (27) describe three different
quadric hypershells in the parameter space. We seek
to minimize the square of tHé norm of the error vec-
tor e subject to the condition thah satisfies these in-
equalities. This optimization procedure yields the op-
timal values of variables;, r> andrz, which in turn
give the new pointn = €* +m*, wheree* is the opti-
mized normal error vector. This new poimtmay not
satisfy the kinematic constraints because the constraint
surfaces are only approximated in this approach. In that
case, this new poinh is set as the new extreme point
m* and the process described above is repeated.

For faster computation of optimized normal error vec-

tor, Ravani and Roth [19] suggest an approximate
method by using Taylor series expansion of the hyper-
surfaces (Egs. (25) (26), and (27)) in the vicinity of the

extreme pointn*:

4 aHl(m*)
O - Hl(m*)‘f' Ama
S om
4 aHz(m*)
O - Hz(m*)—i- Ama
S om
2
0 = H3(m*)+22m*Am. (29)
i=

These equations can be assembled as follows:

OHi OHy OHi OHi ) [am ] [ -H:
omy Onp Omg  Omy A
OHp ot oH, oHp || TP =]
omy Onp Omg  Omy Amg
2mp  2mp 0 0 Amy —Hs
(30)
The above can also be written as
[Jle=v. (31)

We solve for the normal error vecterby minimizing
the Lagrangian function given as follows:

L(e,a) =e'[Qle+a' ([JJe—V), (32)
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wherea = (a3,ap,a3) is a vector of Lagrange multi- until a new pointm is obtained that satisfies the kine-
pliers,e= (my — m;, mp — mj, Mg — Mg, my — ), v = matic constraints. With this new point added to the set
(—H1(m*),—Ha(m*), —Hz(m*)), of initial positions, a nevC? B-spline is generated that
1 0 O 0 interpolates the points. If the new curve detects any
and[Q] = 01 O 0 further violation of the kinematic constraints, the op-
0 0 /4 O ' timization process is repeated until no further extreme
0 0 0 14 points are found. This process at the end gives an inter-

Matrix [Q] comes about from using a proper metric (as polating motion that satisfies the kinematic constraints.
derived earlier) for the parameter space of the elements  Now, we present the algorithm:

of the displacement matrix. Putting the condition for a
minimum as

Algorithm
g—L =0,i=1234 (33) 1. Convert given positions of the coupler link into matrix
& elementsn; = (mi1, mi2, M3, Mis) using Egs. (1) and (4)
Where(el’ez’e&ez‘) are the coordinates of the vec®r or, if given in terms of jOint angles, by direct substi-
and assemb”ng the solution equationS, we obtain tution into the homogeneous form of the diSplacement
matrix.
29+ [J]"a=0, (34)

2. Current list of points to be interpolated = given points
whereg = (2e1,2e,63/2,€4/2). If we transform the (mj;i=1...n)

matrix [J] to [J'] such that _ _ _
3. Construct &2 cubic B-spline curven(u) that interpo-

OH1  OHg 4% 4@ latesm; at parameter valuas
om 0 4] 0
n_ Lo e i 4. Evaluate the extrema &f(u);i = 1,2,3 using Eq. (23).
Jl=| o OHp ,0Hz ,0Hz |, (35) Repeat St to (f) for all ext
oM om, oms oma epeat Steps (a) to (f) for all extrema.
2mg 2mp 0 0 (a) Say, an extreme point is founduwat= u*.
then Eq. (34) changes to (b) Check ifm(u*) satisfies the kinematic constraints

(Egs. (25), (26), and (27)).

NnT 4
2e+[J]'a=0. (36) (c) If yes, the curve is constrained; continue to Step
Thus, if e* designates the solution to the error vector 5. If no, designaten(u”) as an extreme poimn*
(or, the normal distance) then it should satisfy the equa- and continue.
tions (d) Find a new poinin (Egs. (29) — (40)).
e = v (e) Check if the new poinnh satisfies kinematic con-
26 T2 = O’ 37) straints (Egs. (25), (26), and (27)).
i. If yes, continue to next Sub-step (f)

Equation (37) gives an explicit formula for the solution ii. else, setm* = m and repeat from Sub-step
error vectore* as: (d).

e — [J/]T([J] [\]/]T)fl\,. (38) (f) Add m atu = u* to the current list of points to be

interpolated and go to Step 3.
Thus, we can determine the variabtgsr,, andrs by

optimizing the function 5. Th_e pa_ramet_er space curmeéL_l) defines &C? interpo-
lating piecewise rational motion of degree 3 after sub-
E(m,ry,ra,r3) = (€9)Te", (39) stitution into Eq. (3).
subject to constraints given by Eq. (28). We have observed that this algorithm always converges.
With normal error vectoe® known, the new point is In this algorithm, the B-spline curve is generated using a
given by global interpolation scheme (Piegl and Tiller [2]). In this
m=¢€"+m*. (40) scheme, although moving one of the interpolating points

) _ ) changes the curve globally, the change in the curve dimin-
Since the constraint surfaces have been approximategdhes away from the modification point.

by their tangent hyperplanes in the vicinity of the ex-

treme pointm*, this new poinm may not lie inside the

constraint solids given by Egs. (25), (26), and (27). 1f4 Example

the new point does not satisfy the constraints, the newly

obtained pointn is set as an extreme poimt* and the In this section, we present an example to demonstrate the
procedure described above is repeated from Eq. (29lgorithm presented earlier. Table 1 gives the elements of
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. . F3(0.40) =0.92
Table 1: Elements of the displacement matrix of the s~ F(1.28) = 1.08

given positions of the coupler link of a planar 6R closed
chain(a; =1.0,b; =3.0,a,=4.0,b, =3.2,g=6.0,h=23.6)

i m; = (M, M2, M3, Mig) Ui

1 (1.000Q0,2.0449 —0.194)) 0.0

2 (0.86600.5000 1.9067,1.5028) 2.0

3 | (0.9659 —0.2588 —0.88933.4851) | 5.0

4| (0.96590.2588 —0.78503.2651) 7.0 Figure 5: Unconstrained and constrained interpolatiamgki

5| (0.85680.5157,—2.30053.1447) | 10.0 matic constraint surface in a three-dimensional spacenpara

eterized bymy, mp, mg coordinates: all five extreme points
(%) violate circular constraint; algorithm adds five new psint
0.

Table 2:Kinematic constraints of given planar 6R closed

chain. 3= 0.05

two new points

Kinematic constraintsH) max(F )= 51.84

4.00<F; <1600
0.64<F, <5184
0.95<F3<1.05

min(F,)= 0.64

I\

Yax(ﬂ): 16
the displacement matrigmi1, mi2, ms, mi4) for five positions
of the coupler link of a planar 6R closed chain along with Figure 6: Intersection of two constraint shells0@< F; <
their parameter values. The table also gives the link length16.00 and 064 < F, < 51.84) with my = 1 hyperplane and
and the distances between moving and the fixed pivots. Thie unconstrained and constrained curve: two extremegpoint
range of the inequality for the kinematic constraints gisgn ~ with F;(8.83) = 2.77 andF;(9.06) = 2.67 violate the kine-
Egs. (20), (21), (22) are shown in Table 2. matic constraint: £0< Fy

For the input data given in the Table 1, our algorithm takes

two iterations to produce @ B-spline motion that satisfies

all the kinematic constraints. In the first iteration, four e (Egs.(20), (21)) withm, = 1 hyperplane in Fig. 6. Imy = 1

:Leme pom_ts atre Sj‘?;egtzd? out ct)f WT'C.h a"kt)heEfour2\2/'o'at2hyperplane, Eqgs.(20) and (21) describe two elliptic cylind
€ approximate rigid body constraint given by Eq. (22), an cal shells. The curve is constrained to lie inside the volume

two of them also violate the constraint given by Eq. (Zo)ibetween the boundary surfaces. The figure shows two ex-

In the second iteration, one extreme point is detected. Th|§reme points that violate thg constraint (Eq.(20)). These
IS sfhown partlallty n Iijlgb 5 th.re a part of the Cf? nstralnttwo points are clearly seen to be outside the constraint shel
surtace parameterized by coor matn_lsmz,n‘e IS ShOWNn.  1y5unded by surfaces marked as rii)@nd maxF;). These
The f'gl.”e shows the_hypersurface given by E_q._ (5)’ Wh'Chare the same two points, which violate thgconstraint in

is a cylinder perpendicular tmm; plane. The initial un- first iteration (see Fig. 5). Also shown are two new points

gqnstraingq B-spline.curve is shown by broken line anq thef‘D’) added by the algorithm and the constrained curve. The
initial positions to be interpolated are shown by rounddille final interpolating curve satisfies all the constraints,chin

circles ('o’) The extreme points detected in the first iteration the Cartesian space translates in@acontinuous B-spline

are shown by the ‘star’ {') symbol, while the lone extreme rational motion of the planar 6R closed chain
point detected in the second iteration is shown by a ‘delta '

(*2") symbol. The figure also indicates the parameter and

the value of them(u);i = 1,3 functions ((20), and (22)) at ; ;

the extreme points. It can be clearly seen that none of th? Rational Motions of Planar 4R and
extreme points are on the hypercylinder, indicating a viola 5R Closed Chain

tion of rigid body constraint, however in this figure it is dif

ficult to see the violation of the constraint given by Eq. (20) By transforming the equality relations of 4R and 5R closed
The algorithm adds five new points (indicated by) cor-  chains from Egs. (12) and (15) into inequalities, we can ap-
responding to the five extreme points. The new curve lieply the same algorithm as presented before to do constrained
on or very near (due to a choice 6f= 0.05) to the hy- interpolation for 4R and 5R closed chains as well. We have
percylinder and satisfies all the constraints. To visualizealready seen how to transform the circular constraint into
the violation of the other constraint, we show the intersec-an inequality (Eqg. (20)). Here we focus on the other equal-
tion of the corresponding four dimensional constraintishel ity constraints. We modify the equality constraints from
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Eq. (12) of planar 4R closed chains as follows:

(a1 —€1)* < Fy(u) < (a1 +&1)%, (41)

(8]

(82— £2)2 < Fo(u) < (a2 +£2),

wheree; ande;, are user-defined tolerances, @ndu) and

F>(u) have been previously defined. Thus, by choosing thesel®l
tolerances to be as small as possible, the user can use the
same algorithm to do constrained interpolation to a desired
degree of satisfaction. The new points are added in the
same way as described before. In case of planar 5R closeglg]
chain, we modify the only non-circular equality constraint

in Eq. (15) to be same as the modified constraint given by
Eq. (41).

(42)

(11]

6 Conclusions

In this paper, we presented a method for synthesizing piece-
wise rational motions subject to the kinematic constraiffits 12]
the planar 6R closed chain by directly using the element£
of the displacement matrix. This method has the advantage
of being direct and produces lower degree motions. It was
shown that the method is general enough to handle the planar
4R and 5R closed chains as well. [13]
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